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Analysis of Cascaded Sections of
T Junctions Between Rectangular

and Circular Waveguides
B. N. Das and P. V. D. Somasekhar Rao

Abstract —This paper presents an analysis of the cascaded sections of

a number of slot. conpled T junctions between rectaugrdar and circular
wavegssides taking into account the mutual interactions of all possible

modes generated by the discontinuities, as well as the effect of wall

thickness. The formulation is hased on solving a set of coupled integral
equations resulting from the boundary conditions at the two interfaces
of the waveguide sections representing the coupling slots. The integral
equations are transformed into sets of matrix equations using the
moment method with entire basis and testing functions. Numerical
results on input VSVVR and coupling are presented for the case of
cascaded section of two air-filled T junctions for different frequencies
and different values of interelement spacing.

I. INTRODUCTION

T HE use of special types of T junctions for the suppres-
sion of cross-polarized radiation has been suggested in

the literature [1], [2]. Conventional junctions [3] can also be
used for the excitation of a large number of radiators. In
order to produce a narrow beam, a number of such junctions
are cascaded. The performance characteristics of cascaded
junctions can be determined by following the methods sug-
gested in the literature [4]-[6]. In these methods, interactions
between the junctions have been taken into account consid-
ering the effect of only the dominant mode. In addition, the
effect of the thickness of the waveguide wall, in which the
slots are cut, has not been taken into account,

In the present paper, general formulas are derived for
determining the performance characteristics of cascaded sec-
tions of slot-coupled T junctions between rectangular and
circular waveguides, taking into account the effect of wall
thickness and also the mutual interactions of all higher order
modes generated because of the presence of discontinuities.
A moment method with entire sinusoidal basis and testing
functions [7], [8] is used for the determination of the ampli-
tude coefficients of the field distribution in the aperture
plane of the coupling slot. Expressions for the input reflec-
tion coefficient and the transmission and coupling coeffi-
cients into each junction are derived in terms of the ampli-
tude coefficients.
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Fig. 1. Cascaded sections of T junctions between rectangular
and circular waveguides.

Numerical results on coupling and input VSWR are pre-
sented for a cascaded section of two junctions between
rectangular and circular waveguides as a function of fre-
quency and also as a function of interelement spacing.

II. ANALYSIS

Fig. 1 shows M cascaded sections of identical T junctions

between rectangular and circular waveguides. The coupling
elements between the exciting rectangular guide and the
coupled circular guides are collinear longitudinal rectangular
slots, of length 2L,, and width 2WJ (J = 1,2,. ~., M), cen-
tered in the narrow wall of the rectangular guide. The
spacing between the symmetrical planes of successive junc-
tions is equal to d. Excitation is applied to port (1) of the
rectangular guide, and the other ports are assumed to be
terminated in match loads.

The slots milled in a waveguide wall of finite thickness t
are treated as short sections of rectangular waveguides (slot
waveguides) [7], [8]. An expanded view of the geometry of
the slot waveguide representation of the coupling slots is
shown in Fig. 2. The rectangular waveguide–slot waveguide
inter-fice and the slot waveguide-circular waveguide inter-
face of each junction are designated as the lower interface
and the upper interface respectively.

Considering the fields scattered by the coupling slots in
the junctions preceding and following any Jth slot wave-
guide, the field in the slot aperture at the lower interface of
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Fig. 2. Expanded view of the coupling slots represented as

sections of rectangular waveguides.

the .lth slot waveguide is expressed as

M

k=l

where J= 1,2,0”., M and the pair (PJ; P;) represents the

field and source points respectively at the .lth and k th slot
apertures of Fig. 2.

A dominant mode inciden~ field from port (1) of the
rectangular waveguide will excite a number of modes in the
slot waveguide [7], [8]. For an incident ith mode in the Jth
slot waveguide, the boundaty conditions at the two interfaces
are of the form

at upper interface (1)

Hj!(E;(J)e,) + H;!( EJ(J)eq)

M

+ ~ H~!k(E&,(k)eQ) +
k=l
k+J

N

= – E;(J)e,~ + ~ E;(J)e yq q
L/=1

at lower interface (2)

where Eq* ‘J) and Ei*(J) are the amplitude coefficients and
the superscripts + and – indicate the directions of propaga-
tions shown in Fig. 2, HZ‘“c’J is the dominant mode longitudi-
nal component of the incident magnetic field at the .lth slot

‘k) denotes the amplitudein the rectangular waveguide. E~

coefficient and e~ represents the Qth basis function (Q=
1,2,... , N) in the aperture field expansion of the Kth slot.

The slot field distribution for any Jth slot is expanded in
terms of entire sinusoidal basis functions e,,(Z’) as

Here e~ and e; are of the same form as e,,, and Yx(g = q, i )
is the modal admittance for the TE%[l mode in the slot guide
[7], [8]. The summation over k (k # J) represents the mutual
coupling effects due to all the other slots, the superscript
“Lo” indicates the lower interfidce and E~XL ) denotes the

amplitude coefficient in the aperture field expansion at this
interface for the k th slot, The quantities q, Q, and i vary
from 1 to N, where N is the number of basis functions
considered in the expansion of the electric field.

H;{ is the transverse component of the magnetic field in
the Jth circular waveguide due to the electric field in the slot
aperture at the upper interface, and Hi{ is the longitudinal
component of the magnetic field in the rectangular wave-
guide due to the electric field in the Jth slot aperture at the
lower interface.

Equations (1) and (2) represent a pair of coupled integral
equations for any .lth slot, and as J is varied from 1 to M, M
pairs of such coupled integral equations are obtained. Taking
the inner products of each pair of such equations with the
corresponding testing functions w,~J), given by

~~J) = sin ;{z’-(&l)d+~J} (4)

and applying superposition for N modes in the slot wave-
guide, the integral equations are transformed into matrix
equations of the form [7], [8]

[E-(J)]ll = [RCJ][E+(J)]I1 at upper interface

[E+(J)],,, = [R’J][E-(J)],ll _[yrJw]-l([~mc,J]

+[Y”J1][E]~’(l)+ . . . +[YrJk][E]h’’(k)

+ ..” +[Y’J~][E]b’(~)} (5)

for k # J at lower interface (6)

where

[Rc’]--[ y”J~]-’[JW]W] (7)

[~rJ]=[yrJW]-’[ ~,JW] (8)

The elements of the matrices [ Y“W], [h”W] and [ YCJW],
[h”’W] appearing in the above equations are of the same
form as those of [8, eqs. (24)–(26) and (28)-(31)]. Expres-
sions for the elements of the column matrix [h ‘n’”] and the
square matrix [ Y’”k ] (k # J) are derived in the following
section.

In the case where all the T junctions are identical (2 L, =
2LZ=.’. =2 L,, =2L and 2WI=2W1= ““” =2 WI=2W),
the following simplifications can be used for the analysis:

[Yx’’’”l=‘““ =[y”k’”l= “““ =[ygh’’’’l=[wl’wl (~)
[~$h]= .. . =[/@M’]=. .. =[/#-f~]=[~h’lw] (1(f)

and therefore,

[f@]=... =[@]=.. . =[~A’~]=[fp’l] (11)

where s = r and c.
From (5)–(1 1) and the relations between the incident and

reflected waves at the lower and upper interfaces given by [8,

eqs. (15) and (16)], the amplitude coefficients for the total
electric field at the two interfaces of the slot waveguide are
obtained, using the procedure followed in [8], as

[E] lm(n=[q][o] (12)

[E]”P7(’)=[(][fj] (13)
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where

[d={[fJl+[mc’l[ Bl}{[R’’l[Bl[Rwl-[u]}-’
.[YW-’ (14)

[ll={[m+[@l[N}{ [R’’l[m’’l[B[u]}]}-’
.[pw]-’ (15)

and

[o]=[h’”’’(Jq+[Y’J’ ][@’’’)+)+“ “ “ +[Y’’JA][E]b’(k)

+ . . . +[yl’m][~]wm } fc)rk #.1. (16)

The matrix [1?] appearing in (14) and (15) is an N X N
diagonal matrix, whose diagonal elements are presented in
[8].

Rearranging the terms, the above set of equations can be
written as

[a][E]LO= [h’”’] (17)

where [ E]LO and [hi”=] are column matrices given by

‘E]LO=lEJ“’”’]=13:1
The elements E L4),(./) and hiflci~ (~= 1,2,. . .,M) are also

column matrices, each containing N elements.
The elements of the M x M square matrix [a], which are

themselves square matrices of order N X N, are given by

(-[q]-’ fork=J
[~.rkl= ~yr,kl

}
(18)

fork+J “

Therefore, the amplitude coefficients for the electric fields
at the lower interface of each coupling slot are obtained as

[E]~=[a]-’[hinc]. (19)

The amplitude coefficients for the electric fields at the upper
interface are expressed in terms of those of the lower inter-
face by (13), (15), and (16).

A. Expressions for the Elements of the Matrices [ Y’Jk ]

and [h’nc’~]

The elements of the square matrix [ Y’Jk ] and the column
matrix [h ‘“”J ] are respectively given by the inner products

yrJk =
45 /] ~;~k(~,;~[)~,;J)dz’dx’ (20)

Jth dot

For an electric field distribution in the aperture plane at
the lower interthce of the k th slot of the form given in (3),
expressions for the longitudinal component of the magnetic
field Hj~k for the forward-scattered (k <J) and backward-
scattered (k > J ) waves in the rectangular waveguide are
obtained following the method suggested in the literature [9].
Using (3) for the kth slot, [8, eq. (22)], [9, eqs. (7-34) and

(7-31 )1, and integrating, respectively, the first and second
terms within the square brackets of [9, eq. (7–34)] from

(k – l)d – L to (k – l)d + L, the forward- and backward-
scattered fields in the rectangular waveguide are determined.
Substituting the resultant expressions and (4) in (20) and
carrying out the integration over the Jth slot aperture, the
elements Y(~Jk are obtained as

y::k = +&z% { )
sin(m~W/A) 2

mn 2wc0s(mr’2) (mrW/A)

“(K’+ y’) ~ /V~,(k) q~/2L

sT/2L

~=1 y2+(qm,/2L)2 y2 +( ST,/2L)2

[

(eYL – ~-YL cosqn-)(e-yL – eyLcoss~)ey(J–k)~ for J<k 1(e-’L–eYLcosq*) (eYL– e-YLcossr)eY(k-J)~ for J> k “

(22)

For an orthonormalized dominant mode incident wave in
the rectangular waveguide, the expression for H: is of the
form [8], [10]

rHl#C-l*L Z-Y
cos —e ‘Jpz. (23)

jwp B AB B

Using (23) and (4) in (21) and carrying out the integration
over the aperture plane of the Jth slot, the elements h~ J
are obtained as

rhy,J _ 1 r ~ 2W(sr/2L) e –I13(J – I M

jmp B AB (~m\2L)2–~2

B. Expressions for Reflection, Transmission, and Coupling
Coefficients

The reflection coefficient seen by the matched generator
at port (1) of the rectangular guide of Fig. 1 is defined as

(25)

where H$l,fk ) is the dominant mode reflected wave, due to

the electric field at the lower interface of the k th slot
aperture.

For an aperture field distribution at the lower interface of
the k th slot of the form given in (3), the dominant mode
longitudinal component of the magnetic field reflected into
port (1) of the rectangular waveguide is obtained from the
backscattered field H~Jh (k > J ) evaluated in the above sec-
tion, by substituting m = 0, H = 1, and y = Jp. Using the
resulting expression and (23) in (25), the reflection coeffi-
cient seen by port ( 1) at the reference cross-sectional plane
passing through the center of the first slot is expressed as

r= f r@l
k=l

[

– jcos ~L q odd. e–/fl(A– I)(I
sin ~L 1qeven “

(26)
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The VSWR seen by the exciting rectangular waveguide is
therefore given by

I+lrl

‘SWR= I– Irl”

The transmission coefficient from port
the rectangular waveguide is defined as

(27)

(1) to port (2) of

(28)

where H}(k) is the dominant mode forward-scattered wave
at port (2) of the rectangular waveguide caused by the
aperture field at the lower interface of the k th slot.

Substituting (23) and the expression for the dominant
mode longitudinal component of the forward-scattered mag-
netic field H~Jk derived in the earlier section in (27), the
transmission coefficient into port (2) at the cross-sectional
plane passing through the centre of the Mth slot is given by

M

T=l+ ~ z-(k)
k=l

.e]B(k–l)d

[

– jcos~L q odd I (29)
–sin~L q even “

The amplitude coupling coefficient from port (1) of the
feed waveguide to any port (k +2) of the k th circular
waveguide is defined as [8]

N
Sk, = &fi(k)= ~ E$’’(k)V:,,q (30)

q=l

~,(k) is the dominant mode modal vokage of thewhere 0,,
coupled wave in the k th circular waveguide, and V~l,C, 1s

obtained from [8, eq. (30)] by substituting n = 1, p = 1, and
r=q.

Therefore, the coupling from port (1) to port (k +2) of the
configuration shown in Fig. 1 is given by

{)&,12z
Ckl =Iolog —

z,, ‘)

‘1010g(’’}’E::v’’’q’’31)
where Z[) and 21, are the characteristic wave impedances of
the dominant mode in the rectangular and circular wave-
guides respectively.

111. NUMERICAL RESULTS

Using (12)–(19), (7)–(1 1), (22), (23), and the expressions
for the elements of the matrices derived in [8], the amplitude
coefficients at the two interfaces of each slot waveguide are
evdluated for a cascaded section of two T junctions ( M = 2)
for 2L = 1.69 cm, 2W= 0.107 cm, A = 1.016 cm, B = 2.286
cm, and a = 1.185 cm over the frequency range 8.4 to 9.6
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Fig. 3. Variation of coupling with frequency for M = 2,

2L= 1.69 cm, 2W’= 0.107 cm, and d= 2.8 cm.
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Fig. 4. Variation of coupling with intereiement spacing for M =2,

2L= I.(z9 cm, 2W= 0.107 cm, N= 5, tmcf t = ().127 cm.

GHz. The computations are carried out for both t = O and
t = 0.127 cm for different values of N and for d ringing from
2.4 cm to 4.8702 cm (A,q at ~ = 9.0 GHz).

Substituting the numerical yalues of E,~p’( 1) and E,~P’(z) in

(31 ), the variations of coupling from port (1) of the rectangu-
lar waveguide to port (3) and port (4) of the circular wave-
guides with frequency are evaluated for d = 2.8 cm, t = O,
and t= ().127 cm, and results are presented in Fig. 3. The
computed results on variations of coupling as a function of
interelement spacing are shown in Fig. 4 for different fre-
quencies and for N = 5 and t= ().127 ‘cm.

The theoretical results on the variation of the VSWR with
frequency computed using (12), (14), (26), (27), and (29) are
presented in Fig. 5 with d as a pammeter.
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Fig. 5. Variation of VSWR seen by port (1) of the rectangular wave-

guide with frequency for M’= 2, 2L = 1.69 cm, 2W = 0.107 cm, N =5,
and t= 0.127 cm.

Following the procedure described in [8, section III], the
elements of the scattering matrix of a cascaded section are
found and from the results its unitary property is verified.
Further, for d = O, M = 1 and all expressions reduce to those

of [8], in which case agreement between theoretical and

experimental results has been presented in [8, fig. 5].

IV. DISCUSSIONS

The results presented above reveal many interesting as-

pects of cascaded sections of T junctions between rectangu-

lar and circular waveguides. In the particular case of cas-

caded sections of two junctions, when d = Ag /2 and its

multiples, the couplings into the two circular waveguide

ports are almost identical and the VSWR is high. The value

of coupling is reduced to 6.9 dB in place of 3.1 dB for an

isolated T junction [8] and the VSWR is of the order of 6.2.

For other values of d, the VSWR is less and the couplings
into the two ports are different, being higher in the first T
arm and lower in the second. When d = 3Ag /4 and its
multiples, the coupling into port (3) is maximum (1.5 dB),

while that into port (4) is minimum (12.5 dB). The corre-

sponding VSWR is minimum and its maximum value is about

2.85.

The amplitude coefficients are found to be functions of d

as well as of frequency. This variation of complex amplitude
coefficients, together with the phase change resulting from
path differences and also from the individual junctions, mod.
ifies the reflection and transmission characteristics of the
cascaded sections of T junctions.

The evaluation of numerical results requires inversion of
matrices of order 10x 10 in view of the fact that convergence
is obtained for N = 5. If the convergence had been obtained
for higher values of N, the solution of the problem would
have required inversion of the matrices of still higher order,
even for these cascaded sections of two junctions. Evaluation
of the electrical parameters of interest for cascaded sections
of M junctions requires inversion of matrices of order

(M x i’V) x (M x N), which can be carried out through parti-

tioning of matrices [11].

The analysis presented in this paper is quite general and
can be used for the computation of the performance charac-
teristics of cascaded sections of any number of similar or
dissimilar junctions. The discussion presented in the last part
of Section III, which shows that the unitary property of the
scattering matrix is satisfied, justifies of the validity of the
analysis and shows a method of verifying the results. The
nature of variation of the numerical results is also expected
from physical considerations.
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